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Abstract
We consider the action of the Levi subgroup of a parabolic subgroup that stabilizes
a Schubert variety. We show that a smooth Schubert variety is a homogeneous space
for a parabolic subgroup, or it has a smooth Schubert divisor. Further, we show that
all smooth Schubert varieties in a (partial) flag variety of a rank two simple algebraic
group are spherical.
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1 Introduction
Let Y be a complex algebraic variety, and let G be a connected complex reductive algebraic
group with an algebraic action m : G × Y → Y . If Y is a normal variety, and if a Borel
subgroup B ⊆ G has a dense, open orbit in Y , then Y is called a spherical G-variety. All
partial flag varieties, all normal reductive monoids, all homogeneous symmetric spaces and
their equivariant compactifications are spherical varieties. In this article, we are concerned
with the question of which Schubert varieties in G/P , where P is a parabolic subgroup, are
spherical with respect to an action of a reductive subgroup of G.
Given a Schubert variety Y in a flag variety G/Q, where Q is a parabolic subgroup, we
have a natural choice for a reductive group action. The parabolic subgroups of G that act
on Y by left multiplication are well studied [18], and can be computed explicitly in terms of
root system data. Taking any Levi subgroup of these parabolic subgroups then gives us a
natural reductive group action on Y .
The main purpose of this article is two-fold. First, it is to show that if a smooth Schubert
variety is not spherical, then it has a smooth Schubert divisor.
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Theorem 1.1. Let XwB be a smooth Schubert variety in G/B and let L(w) denote the
standard Levi subgroup of P (w) = StabG(XwB). Then w ∈ W is a maximal element of
a parabolic subgroup, hence XwB is a homogeneous spherical L(w)-variety, or XwB has a
smooth Schubert divisor.
This result shows an interesting dichotomy between smoothness and the sphericality
properties of Schubert varieties. Secondly, we show that every smooth Schubert variety in a
(partial) flag variety of a rank two simple algebraic group is spherical. Indeed, we identify
all the spherical Schubert varieties in types A2, A3, B2, and G2. Along the way we develop a
number of methods which allow the determination of the sphericality of a Schubert variety
in terms of its divisors. The lesson that we learn from working out these small rank examples
is that the smooth Schubert varieties of low dimensions are close to being a toric variety, and
therefore are spherical. In Example 6.6, we show that there are smooth Schubert varieties
which are not spherical when the rank of the group is bigger than two.
In the case when G is GLn and Q is a maximal parabolic subgroup, that is when G/Q
is the Grassmann variety, Levi actions have been studied by the second author and Lak-
shmibai [12]. This has culminated in a complete characterization of those pairs (Y, L) of
Schubert variety Y in the Grassmannian and Levi subgroup L for which Y is a spherical
L-variety [11].
It is shown by Hong and Mok [14, Section 3.3] that if P is a maximal parabolic subgroup
associated with a long simple root for G, then any smooth Schubert variety in G/P is a
homogeneous submanifold of G/P associated to a subdiagram of the marked Dynkin diagram
of G. Since all projective homogeneous spaces (partial flag varieties) are spherical, this result
provides us with a large class of smooth Schubert varieties which are spherical. However,
this property does not hold in general. Indeed, first of all, smooth Schubert varieties are in
general not isomorphic to partial flag varieties. Moreover, as noted above, not every smooth
Schubert variety is spherical with respect to a maximal Levi subgroup action.
One approach to understanding the sphericity of smooth Schubert varieties would be
to extend the representation theoretic and combinatorial techniques applied by the second
author and Lakshmibai in [12], but this would require a case by case approach for each
Dynkin type. Even for G = GLn and Q = B this becomes a non-trivial problem. At
this junction, let us mention that there are well-known criteria for detecting smoothness of
the Schubert varieties, see [3, 4, 10, 19, 25, 27, 28]. Let us also mention that within the
class of spherical varieties are the “toroidal varieties” and in our previous work, joint with
Lakshmibai, we showed that toroidal Schubert varieties are smooth [7].
The structure of our paper is as follows. In Section 2, we set our notation and review some
basic facts about spherical varieties. The purpose of Section 3 is to introduce a combinatorial
tool for analyzing the stabilizer subgroups of Schubert varieties, namely, inversion sets. In
Section 4, we briefly discuss the Billey-Postnikov decompositions, and we review some basic
facts regarding homogeneous fiber bundles. In Section 5, we prove that if XwB is a smooth
Schubert variety in G/B, then either w is the maximal element of a parabolic subgroup, or
XwB contains a smooth Schubert divisor.
In Section 6 we show that all Schubert varieties in types A2 and A3 are spherical. In
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Section 7, we show that every Schubert variety in type B2 is spherical. Finally, in Section 8,
we show that every Schubert variety in type G2 is spherical.
Acknowledgements. The second author was partially supported by a grant from
Louisiana Board of Regents.
2 Preliminaries and Notation
Throughout our paper we work with algebraic varieties and groups that are defined over
C. By an algebraic variety we mean an irreducible separated scheme of finite type. Our
implicitly assumed symbolism is as follows:
G : a connected reductive group;
T : a maximal torus in G;
X∗(T ) : the group of characters of T ;
B : a Borel subgroup of G s.t. T ⊂ B;
U : the unipotent radical of B (so, B = T ⋉ U);
Φ : the root system determined by (G, T );
∆ : the set of simple roots in Φ relative to B;
W : the Weyl group of the pair (G, T ) (so, W = NG(T )/T );
S : the Coxeter generators of W determined by (Φ,∆);
S(v) : the support of v ∈ W , that is, S(v) := {s ∈ S : s ≤ v};
R : the set consisting of wsw−1 with s ∈ S, w ∈ W ;
Cw : the B-orbit through wB/B (w ∈ W ) in G/B;
ℓ : the length function defined by w 7→ dimCw (w ∈ W );
Xw : the Zariski closure of Cw (w ∈ W ) in G/B;
pP,Q : the canonical projection pP,Q : G/P → G/Q if P ⊂ Q ⊂ G;
WQ : the parabolic subgroup of W corresponding to Q, where B ⊂ Q;
WQ : the minimal length coset representatives of WQ in W ;
XwQ : the image of Xw in G/Q under pB,Q.
Let w be an element from W . The right (resp. left) descent set of w is defined by
DR(w) = {s ∈ S : ℓ(ws) < ℓ(w)} (resp. DL(w) = {s ∈ S : ℓ(sw) < ℓ(w)}).
The right (resp. left) weak order on W is defined by u ≤R w (resp. u ≤L w) if there exist
s1, . . . , sk ∈ S such that w = us1 · · · sk (resp. w = s1 · · · sku) and ℓ(us1 · · · si) = ℓ(u) + i for
1 ≤ i ≤ k (resp. ℓ(s1 · · · siu) = ℓ(u) + i for 1 ≤ i ≤ k). We will write x⋖R y to indicate that
x is covered by y, that is x <R y and there is no z such that x <R z <R y.
The Weyl group W operates on X∗(T ) and the action leaves Φ stable. In particular, Φ
spans a not necessarily proper euclidean subspace V of X∗(T )⊗Q Z; ∆ is a basis for V . The
elements of S are called simple reflections and the elements of R are called reflections. The
elements of S are in one-to-one correspondence with the elements of ∆, and furthermore, S
generates W .
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When there is no danger for confusion, for the easing of our notation, we will use the
notation w to denote a coset in NG(T )/T as well as to denote its representative nw in the
normalizer subgroup NG(T ) in G. The Bruhat-Chevalley decomposition of G is
G =
⊔
w∈W
BwB
and the Bruhat-Chevalley order on W is defined by w ≤ v ⇐⇒ BwB ⊆ BvB. Here, the
bar indicates Zariski closure in G. Then (W,≤) is a graded poset with grading given by ℓ.
The order ≤ induces an order on WQ, denoted by ≤Q:
wWQ ≤Q vW
Q in WQ ⇐⇒ w′ ≤ v′ in W,
where w′ (resp. v′) is the minimal length left coset representative of w (resp. of v). We will
call ≤Q the Bruhat-Chevalley order on W
Q, and if confusion is unlikely, then we will denote
≤Q simply by ≤.
Let Q be a parabolic subgroup of G with B ⊂ Q. Then Q is called a standard parabolic
subgroup with respect to B. The canonical projection pB,Q restricts to an isomorphism
pB,Q|Cw : Cw → BwQ/Q, hence it restricts to a birational morphism pB,Q|Xw : Xw → XwQ
for w ∈ WQ. In this case, that is w ∈ WQ, the preimage in G/B of XwQ is equal to
Xww0,Q, where w0,Q denotes the unique maximal element of (WQ,≤), and the restriction
pB,Q|Xww0,Q : Xww0,Q → XwQ is a locally trivial fibration with generic fiber Q/B.
The standard parabolic subgroups with respect to B are determined by the subsets of S;
let I be a subset in S and define PI by
PI := BWIB, (2.1)
where WI is the subgroup of W generated by the elements in I. Then PI is a standard
parabolic subgroup with respect to B. Any parabolic subgroup in G is conjugate-isomorphic
to exactly one such PI . In the next paragraphs we will briefly review the structure of PI .
Let I be as in (2.1). By abusing the notation, we denote the corresponding subset in ∆
by I as well. Denote by ΦI the subroot system in Φ that is generated by I. The intersection
Φ+ ∩ ΦI , which we denote by Φ
+
I , forms a system of positive roots for ΦI . In a similar way
we denote Φ− ∩ ΦI by Φ
−
I . Then ΦI = Φ
+
I ∪ Φ
−
I . In this notation, we have
W I = {x ∈ W : ℓ(xw) = ℓ(x) + ℓ(w) for all w ∈ WI} = {x ∈ W : x(Φ
+
I ) ⊂ Φ
+}.
In other words, W I is the set of minimal length right coset representatives of WI in W .
For a simple root α from∆, we denote by Uα the corresponding one-dimensional unipotent
subgroup. Let LI and UI be the subgroups defined by LI := 〈T, Uα : α ∈ ΦI〉 and UI :=
〈Uα : α ∈ Φ
+ \ Φ+I 〉. Then LI is a reductive group and UI is a unipotent group. The Weyl
group of LI is equal toWI . The relationship between LI , UI , and PI is given by PI = LI⋉UI ,
where UI is the unipotent radical of PI . We will refer to LI as the standard Levi factor of PI .
In the most extreme case that I = ∅, so PI = B, the Levi factor is the maximal torus T . In
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general, Levi subgroups are defined as follows. Let P be a parabolic subgroup and let Ru(P )
denote its unipotent radical. A subgroup L ⊂ P is called a Levi subgroup if P = L⋉Ru(P )
holds true.
We apply the following notational convention throughout our paper: given a parabolic
subgroup P with Levi factor L, the Weyl group of L is denoted by WP . In the same way,
the set of minimal length coset representatives of WP in W will be denoted W
P .
Clearly, the minimal parabolic subgroups containing B are in one-to-one correspondence
with the set of simple roots. The following observation, which is due to Kempf [16], will be
useful in the sequel.
Lemma 2.2. Let Q be a minimal parabolic subgroup corresponding to a simple root α,
let sα denote the simple Coxeter generator corresponding to α. Given a Schubert variety
X = XwB the following assertions hold:
1. X is a P1-bundle over its image pB,Q(X) if and only if
ℓ(w · sα) = ℓ(w)− 1.
2. X is mapped birationally onto its image pB,Q(X) if and only if
ℓ(w · sα) = ℓ(w) + 1.
3. In any case, the fiber of the restriction of pB,Q onto X is either a point or a projective
line.
2.1 Background on spherical varieties.
Let V be a G-module. The vector space V is called multiplicity-free if for any dominant
weight λ ∈ X∗(T ) the following inequality holds true:
dimHomG(V (λ), V ) ≤ 1,
where V (λ) is the irreducible representation of G with highest weight λ. A proof of the
following result on the characterization of spherical varieties can be found in [26].
Theorem 2.3. Let X be a normal G-variety, and let B denote a Borel subgroup of G. The
following conditions are equivalent:
1. all B-invariant rational functions on X are constant functions;
2. the minimal codimension of a B-orbit in X is zero;
3. X is a union of finitely many B-orbits;
4. B has a dense open orbit in X .
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5. If X is quasi-projective, then these conditions are equivalent to the following condition:
For every G-linearized line bundle L on X , the G-module H0(X,L) is multiplicity-free.
Let X be a spherical G-variety, and let x0 be a point in general position in X . Then G ·x0
is a spherical homogeneous G-variety of the form G/H for some closed subgroup H . We will
call such subgroups spherical subgroups in G. Let us mention that L = GLp ×GLq is one
of the few examples of a Levi subgroup in a semisimple group which is a spherical subgroup
in its ambient reductive group GLp+q. The classification of reductive spherical subgroups in
G is due to Brion [6], Kra¨mer [17], and Mikityuk [24].
2.2 Diagonal actions.
Let P and Q be two parabolic subgroups in a semisimple algebraic group G. If L is a Levi
subgroup of P , by [2, Lemma 5.3], G/Q is a spherical L-variety if and only if the diagonal
action of G on G/P × G/Q is spherical. As Littelmann showed in [20], the study of such
diagonal actions is very useful in representation theory. For G ∈ {SLn,Spn}, Magyar,
Zelevinsky, Weyman [21, 22] classified all parabolic subgroups P1, . . . , Pk ⊂ G such that the
variety
∏r
i=1G/Pi has only finitely many diagonal G-orbits. For P1 = B, this classification
amounts to the classification of spherical varieties of the form
∏r
i=2G/Pi with respect to the
diagonal G-actions. In [29], Stembridge presents the complete list of the diagonal spherical
actions of G on the products of the form G/P × G/Q. It follows from Stembridge’s list
that, if both of the parabolic subgroups P and Q are properly contained in G, then a Levi
subgroup L of P can act spherically on G/Q only if the simple factors of the semisimple part
of G avoid the types E8,F4, and G2.
Remark 2.4. We know from the classification schematics that, in type An, every Levi factor
of every maximal parabolic subgroup P of G acts spherically on every Grassmannian of G.
In fact, according to [21], for G = SLn+1, and all I, J ⊂ S = {s1, . . . , sn}, the variety
G/PI ×G/PJ is a spherical G-variety if and only if up to interchanging of I and J , one has
exactly one of the following possibilities:
1. Ic = ∅, {s1} or {sn},
2. Ic = {s2} or {sn−1} and |J
c| = 2,
3. |Ic| = |Jc| = 1,
4. |Ic| = 1 and Jc = {s1, sj}, {sj, sj+1} or {sj, sn} (1 < j < n).
In type Dn, every Levi factor of the maximal parabolic P associated with ω1 or ωn acts
spherically on G/P , where ω1 and ωn are the first and last fundamental weights. More
precisely, according to [29], for G = Spin2n (n ≥ 4) and all proper I, J ⊂ S = {s1, . . . , sn},
the variety G/PI ×G/PJ is a spherical G-variety if and only if up to interchanging of I and
J , one has exactly one of the following possibilities:
1. Ic = {sn} and J
c = {si}, {s1, si} or {s2, si} (1 ≤ i ≤ n).
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2. Ic = {s1} or I
c = {s2} and J
c ( {s1, s2, sn}, J
c ⊆ {sn−1, sn}, or J
c = {sn−2}, or
3. (n = 4 only) Ic = {s1} and J
c = {s2, s3} or I
c = {s2} and J
c = {s1, s3}.
Here, the diagram labeling is given by
1 3
2
4 · · · n
Figure 2.1: The labeling of the nodes of Dn.
3 Inversion Sets
We begin with a basic definition.
Definition 3.1. For v ∈ W , the right inversion set of v is defined by I(v) := Φ+ ∩ v−1(Φ−).
The (left) inversion set of v is defined by N(v) := I(v−1) = Φ+ ∩ v(Φ−).
We note that I(v) and N(v) need not be disjoint. In fact, it is easy to show the following
simple fact (by using Proposition 3.4):
Lemma 3.2. For w ∈ W , the left and the right inversion sets of w are the same if and only
if w is an involution, that is, w2 = id.
Definition 3.3. Let V denote the Euclidean space that is spanned by a root system Φ, and
let A be a subset of Φ+.
1. A called convex if cone(A) ∩ Φ = A, where cone(A) is the cone generated by A in V ;
2. A is called coconvex if Φ+ \ A is convex;
3. A is called closed if for every α and β from A, we have cone({α, β}) ∩ Φ ⊆ A;
4. A is called coclosed if Φ+ \ A is closed.
Finally, A will be called biclosed if it is closed and coclosed at the same time; A will be called
biconvex if it is convex and coconvex at the same time.
Proposition 3.4. Let B0 := B0(Φ
+) denote the poset of biclosed subsets of Φ+ ordered with
respect to inclusion of subsets. Then the map N : (W,≤R) −→ B0 defined by w 7→ N(w)
(w ∈ W ) is a poset isomorphism between the right weak order on W and (B0,⊆).
Let K be a subset of S, and let v be an element from WK . The stabilizer in G of
the Schubert subvariety XvPK is the parabolic subgroup generated by B and sα, where
α ∈ ∆ ∩ v(Φ− ∪ ΦK).
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Notation 3.5. Let w be an element from W . We will denote the subset of simple roots
of N(w) by N∆(w). In other words, N∆(w) := ∆ ∩ N(w). We will denote StabG(XwB) by
P (w), and likewise, we will denote the Levi subgroup of P (w) containing T by L(w).
The proof of the following lemma is evident from definitions, so we omit it.
Lemma 3.6. For w ∈ W , P (w) (resp. L(w)) is generated by B (resp. T ) and sα, where
α ∈ N∆(w).
Let w be an element fromW such that w = vu for some v, u ∈ W with ℓ(w) = ℓ(v)+ℓ(u).
Hence, v ≤R w. By [13, Proposition 2.1], we know that
N(w) = N(v) ⊔ v(N(u)). (3.7)
In particular, we know that N∆(v) ⊆ N∆(w).
Corollary 3.8. Let v and w be two elements from W . If v ≤R w, then P (v) ⊆ P (w).
Furthermore, if w = vu for some u ∈ W , then the inclusion P (v) ⊆ P (w) is strict if and
only if there exists a root α ∈ N(u) such that v(α) ∈ ∆.
Proof. This is a straightforward consequence of Lemma 3.6 and (3.7).
Lemma 3.9. Let XwB be a Schubert variety in G/B. If the unipotent group U
−
w := 〈Uα :
α ∈ I(w)〉 is contained in L(w), then XwB is a spherical L(w)-variety.
Proof. It is well-known that the open B-orbit CwB in XwB is isomorphic, as a variety, to the
unipotent subgroup U−w that is directly spanned by the root subgroups Uα, α ∈ Φ
+∩w−1(Φ−).
In other words, U−w = 〈Uα : α ∈ I(w)〉 is isomorphic to the open Bruhat cell of XwB. This
isomorphism is given by u 7→ uwB/B (u ∈ U−w ), see [5, Theorem 14.12] where U
−
w is denoted
by U ′w.
Lemma 3.6 implies that L(w) is generated by T and the root subgroups U±β, where
β ∈ ∆ ∩ N(w) in StabG(XwB). In particular, the subgroup 〈Uβ : β ∈ ∆ ∩ N(w)〉 is a
maximal unipotent subgroup in L(w). If U−w is contained in L(w), then it is contained in
the maximal unipotent subgroup 〈Uβ : β ∈ ∆ ∩N(w)〉. But then L(w) has an open dense
orbit in XwB. This finishes the proof of our assertion.
Remark 3.10. Lemma 3.9 can be paraphrased as follows: if I(w) ⊆ ΦN∆(w), then XwB is
L(w)-spherical. Clearly, in this case, we must have I(w) ∩∆ ⊆ N∆(w).
Example 3.11. Let αi (i ∈ {1, 2, 3}) denote the standard simple root εi − εi+1 in Φ, the
root system for (SL4,T), where T is the diagonal torus in SL4. The Weyl group of Φ is the
symmetric group of permutations, S4. The elements w ∈ S4 that satisfy the hypothesis of
Lemma 3.9 are given by
1234, 2134, 1324, 1243, 1432, 2143, 3214, 4321.
In Figure 3.1, we depict (S4,≤R) together with the simple roots of the inversion sets of each
of its elements.
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1234
∅
1243
α3
1324
α2
2134
α1
1423
α3
1342
α2
2143
α1,α3
3124
α2
2314
α1
1432
α2,α3
4123
α3
2413
α1,α3
3142
α2
3214
α1,α2
2341
α1
4132
α2,α3
4213
α1,α3
3412
α2
2431
α1,α3
3241
α1,α2
4312
α2,α3
4231
α1,α3
3421
α1,α2
4321
α1,α2,α3
Figure 3.1: The right weak order on S4.
Proposition 3.12. Let XwB be a Schubert variety in G/B. If one of the following equivalent
conditions are satisfied, then XwB is a homogeneous spherical L(w)-variety.
(1) The set of elements in the lower interval [id, w−1]L in the left weak order on W is equal
to the set of elements in the lower interval [id, w−1] in the Bruhat-Chevalley order on
W .
(2) The set of elements in the lower interval [id, w]R in the right weak order on W is equal
to the set of elements in the lower interval [id, w] in the Bruhat-Chevalley order on W .
Proof. The equivalence of (1) and (2) follows from the well-known isomorphism w 7→ w−1
between the posets (W,≤L) ∼= (W,≤R). We proceed with the assumption that (2) holds
true. Since [id, w] contains all simple reflections from the support of w, we see that S(w) ⊆
[id, w]R. But a simple reflection s is contained in the interval [id, w]R if and only if s is a
left descent of w. In other words, in our case, DL(w) = S(w). This holds true if and only
if w is the maximal element of the parabolic subgroup WJ , where J = S(w). Then we get
XwB = P (w)B/B = L(w)B/B ∼= L(w)/L(w) ∩ B. It follows that XwB is a (projective)
homogeneous L(w)-variety, hence it is a spherical L(w)-variety.
The entire inversion set N(w) can be computed using [13, Proposition 2.1(i)]. Here is a
simple result that shows how to compute N∆(w).
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Proposition 3.13. Let w be an element from W . Then we have the following equalities:
N∆(w) = {α ∈ ∆ : sα ≤R w} =
⋃
v⋖Rw
N∆(v).
Proof. Let α be an element from N∆(w). By Proposition 3.4, we know that N(sα) is a subset
of N(w). But N(sα) = N∆(sα), hence, we get the first equality. Our second equality is an
immediate consequence of the first one.
4 BP Decomposition and Homogeneous Fiber Bundles
Let Q be a parabolic subgroup containing a parabolic subgroup P , and let w be an element
fromW P . Then w can be expressed, in a unique way, as a product of the form w = vu, where
v ∈ WQ and u ∈ W P ∩WQ. This decomposition of w is called the parabolic decomposition
of w with respect to Q. If any of the following equivalent conditions is satisfied, then the
parabolic decomposition w = vu is called a right BP decomposition of w:
1. u is the maximal length element in [id, w] ∩WQ.
2. The Poincare´ polynomial of the Schubert variety XwP is the product of the Poincare´
polynomials of the Schubert varieties XvQ and XuP .
3. The set S(v) ∩WQ is contained in DL(u) = {s ∈ S : ℓ(su) < ℓ(u)}.
4. The projection pP,Q|XwP : XwP → XvQ is a fiber bundle with fibers isomorphic to XuP .
The “left BP decomposition of w” is defined similarly, by using the minimal length
right coset representatives instead of the minimal length left coset representatives. From
now on we will refer to a right BP decomposition simply as a BP decomposition. A BP
decomposition w = vu (w ∈ W P , v ∈ WQ) is said to be a Grassmann BP decomposition of
w if |S(w)| = |S(v)|+ 1. If S(w) is equal to S, then Q is a maximal parabolic subgroup.
Next, we will briefly review homogeneous fiber bundles from a more general viewpoint.
Let K be a connected algebraic subgroup of a connected algebraic group L, and let Z be a
normal K-variety. A homogeneous bundle over L/K associated with Z, denoted by L ∗K Z,
is the quotient variety (L× Z)/K, where the action of K is given by
k · (l, z) = (lk−1, kz) for every k ∈ K, l ∈ L, z ∈ Z.
Then L also acts on L∗KZ via its left multiplication on the first factor of L×Z. The natural
projection L ∗K Z → L/K is L-equivariant.
A discussion of the following results as well as the references to their proofs can be found
in [1, Appendix 1].
Proposition 4.1. If X is an L-variety and if it admits an L-equivariant morphism Ψ : X →
L/K, then X ∼= L ∗K Z, where Z = Ψ
−1(o). Here, o stands for the base point idK in L/K.
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Proposition 4.2. The variety X ∼= L ∗K Z is smooth (resp. normal) if and only if Z is
smooth (resp. normal).
Proposition 4.3. Let P be a parabolic subgroup of G and let Z be a P -variety. The variety
G ∗P Z is complete if and only if Z is complete.
Let Z be a P -variety, where P is a parabolic subgroup. Following Avdeev, we will say
that Z is a spherical P -variety if Z is a spherical L-variety, where L is a Levi subgroup of P .
Proposition 4.4. [1, Proposition 6.3] Let Z be a P -variety and consider the G-variety
X = G ∗P Z. Then we have
(a) Z is a spherical P -variety if and only if X is a spherical G-variety.
(b) Z is a wonderful P -variety if and only if X is a wonderful G-variety.
Here, by a “wonderful variety” one refers to a certain smooth complete spherical variety
with some special geometric properties. Since we are not going to need this notion for the
results of our paper, we will not introduce it; we refer the reader to Avdeev’s paper. These
basic results about homogeneous bundles lead us to the following criterion.
Proposition 4.5. Let XwB be a smooth Schubert variety with a Grassmannian BP de-
composition w = vu (v ∈ W J , u ∈ WJ). Let L denote the standard Levi subgroup of the
stabilizer of XvPJ , and let K denote the stabilizer in L of the point vPJ ∈ XvPJ . Then the
preimage of XvPJ in G/B is a spherical L-variety if and only if XuB is a spherical K-variety.
Proof. Since XwB is a smooth Schubert variety, XvPJ is a smooth Schubert variety in G/PJ ,
and XuB is a smooth Schubert variety in G/B. We can assume that XvPJ is a homogeneous
space for L, hence, it is of the form L/K where K is the stabilizer of the point vPJ in L. Let
us denote by X the preimage of XvPJ under the canonical morphism pB,PJ : G/B → G/PJ .
Then
X = p−1B,PJ (XvPJ ) = Xvw0,PJB,
where w0,PJ is the maximal element of WJ . Then pB,PJ |X : X → XvPJ
∼= L/K is an L-
equivariant morphism. By Proposition 4.1, we see that X is isomorphic to L ∗K XuB. By
Proposition 4.2, we see that X is smooth. Finally, by Proposition 4.4, X is a spherical
L-variety if and only if XuB is a spherical K-variety.
We proceed with a simple but a general lemma.
Lemma 4.6. Let f : X → Y be a G-equivariant morphism between two G-varieties X and
Y . If Z is a subvariety of Y , then StabG(Z) = StabG(f
−1(Z)).
Proof. Let g be an element from StabG(Z), and let y be an element from f
−1(Z). To check
that gy lies in f−1(Z), it suffices to check that f(gy) ∈ Z. Clearly, this is true by the
equivariance of f . This proves the inclusion “⊆”.
Conversely, let g be an element of the group StabG(f
−1(Z)). We will show that gz ∈ Z
for every z ∈ Z. Let a be an element from f−1(z). Then g · z = g · f(a) = f(ga). But ga is
an element of f−1(Z), therefore, f(ga) ∈ Z.
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Remark 4.7. LetX be a smooth Schubert variety in a Grassmannian G/P . We assume that
P is a maximal parabolic subgroup corresponding to a long root. Then by [14, Proposition
3.2], we know that X is a projective homogeneous space for a Levi subgroup H of G. In
particular, it is of the form H/K for some parabolic subgroup K of H . We will show that
K is a maximal parabolic subgroup of H . Indeed, a projective homogeneous space is a
Grassmannian if and only if its Picard number is 1. There is a surjective map of abelian
groups Pic(G/P )→ Pic(X), see [23]. Since X is a smooth Schubert subvariety, Pic(X) is
a free abelian group, and furthermore, the former group is a free abelian group of rank 1.
Therefore, the rank of Pic(X) is also 1, hence, X is a Grassmannian.
5 Smooth Schubert Divisors
Let w be an element from W . A (right) BP decomposition of w, w = vu (v ∈ W J , u ∈
WJ), is called a right chain BP decomposition if [id, v] ∩W
J is a chain. The left chain BP
decomposition is defined as follows. Let w = uv (u ∈ WJ , v ∈ W
J) be a left parabolic
decomposition of w with respect to J ⊂ S. Recall that w = uv is a left BP decomposition if
the Poincare´ polynomial of XBw is equal to the product of the Poincare´ polynomials of XBu
and XPJv. If, in addition, [id, v] ∩W
J is a chain, then w = uv is said to be a left chain BP
decomposition.
Remark 5.1. The left (chain) BP decomposition of w is a right (chain) BP decomposition
of w−1. Note also that XwB is a (rationally) smooth Schubert variety if and only if Xw−1B
is a (rationally) smooth Schubert variety in G/B, see [9, Corollary 4].
In types A,B,C, and G2, every rationally smooth element w ∈ W has a chain BP
decomposition, but this is not true in types D,E6,E7,E8, and F4. Nevertheless, in every
type other than E, a rationally smooth element is maximal or has a chain decomposition.
For this reason we split our next result into two theorems. The first theorem involves the
types which are not of type E.
Remark 5.2. The conclusion of Theorem 5.3 is not exclusive in the sense that there are
smooth Schubert varieties XwB where w is the maximal element of a parabolic subgroup
and still XwB has a smooth Schubert divisor. For example, the full flag variety G/B has a
smooth Schubert divisor if and only if G ∈ {SLn,Spn}, see [8, Proposition 4.12].
Theorem 5.3. Let XwB be a smooth Schubert variety in G/B, where G is not of type Ei,
where i ∈ {6, 7, 8}. Then w ∈ W is a maximal element of a parabolic subgroup, hence XwB
is a homogeneous spherical L(w)-variety, or XwB has a smooth Schubert divisor.
Proof. In the types that we listed in our hypothesis, a rationally smooth element w ∈ W
is either a maximal element of a parabolic subgroup, or it is has a chain decomposition,
see [28, Theorem 4.3]. If w is a maximal element of a parabolic subgroup, then we are in
the situation of Proposition 3.12, hence XwB is a homogeneous spherical L(w)-variety. So,
without loss of generality, we assume XwB is not a homogeneous space.
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Let XwB be a smooth Schubert variety, where w has a right chain BP decomposition
w = vu where v ∈ W J , u ∈ WJ . Let π denote the restriction of the map pB,PJ : G/B → G/PJ
onto XwB. Then we know that π(XwB) = XvPJ is a smooth Schubert variety as well. Since
[id, v] ∩W J is a chain, XvPJ is a projective space. As a projective space, XvPJ has a unique
smooth Schubert divisor, Xv′PJ ⊂ XvPJ , where sv
′ = v with ℓ(v) = ℓ(v′) + 1. Note that v′
is an element of W J , and that Xv′PJ is a projective space as well. At the same time, since
π : XwB → XvPJ is a faithfully flat and smooth morphism, the pull back of Xv′PJ in XwB is
a smooth Schubert divisor, Xw1B ⊂ XwB. This finishes the proof of our assertion.
Remark 5.4. In the proof of Theorem 5.3, since π is P (w)-equivariant, we have w1 = sw =
svu = v′u. Notice that we can repeat this argument with a right chain BP decomposition
of w−1 to find a smooth Schubert divisor Xw−12 B of Xw
−1B with s
′w−12 = w
−1 for some
s′ ∈ DL(w
−1). Then Xw2B is a smooth Schubert divisor of XwB, and, furthermore, s
′ ∈
DR(w). In other words, when XwB is smooth and w is not a maximal element of a parabolic
subgroup, we have shown that it always contains smooth Schubert divisors Xw1B and Xw2B
with w1 = sw and w2 = ws
′, though it is possible that w1 = w2.
The following lemma, whose proof can be found in [27, Lemma 4.8], will be useful.
Lemma 5.5. Let K be a subset of S, and let v be an element from WK . Let GS(v) be a Levi
subgroup of PS(v), and let PS(v),S(v)∩K be the parabolic subgroup of GS(v) that is generated
by S(v) ∩K. Finally let XvPS(v),S(v)∩K denote the Schubert variety in GS(v)/PS(v),S(v)∩K that
is indexed by v ∈ W
S(v)∩K
S(v) . Then the canonical inclusion map GS(v)/PS(v),S(v)∩K →֒ G/K
induces an isomorphism XvPS(v),S(v)∩K −→ XvPK .
Proposition 5.6. We maintain the notation from Lemma 5.5. Let L denote the standard
Levi subgroup of StabGS(v)(XS(v),S(v)∩K), and let L(vw0,K) denote the standard Levi subgroup
of StabG(XvPK ). If XvPS(v),S(v)∩K is a spherical L-variety, then XvPK is a spherical L(vw0,K)-
variety in G/PK .
Proof. Since GS(v) is a subgroup of G, by Lemma 5.5, i : GS(v)/PS(v),S(v)∩K →֒ G/K is a
GS(v)-equivariant embedding. In particular, the stabilizer subgroup StabGS(v)(XvPS(v),S(v)∩K)
is contained in StabG(XvPK ). Clearly, if XvPS(v),S(v)∩K is a spherical L-variety, then XvPK is a
spherical L-variety. It is also evident that we have the inclusion L ⊆ L(vw0,K). Thus, XvPK
is a spherical L(vw0,K)-variety as well.
Next, to handle the type E cases, we will review the relevant part of [28, Theorem 4.3].
We label the roots of the Dynkin diagram of E8 as in Figure 5.1:
8 7 6 5 4 3 2
1
Figure 5.1: The labeling of the nodes of E8.
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Let Sk denote the set {s1, . . . , sk}, where si is the simple reflection corresponding to the
root labeled i in Figure 5.1. Then the Weyl group W of E8 is generated by S8. We will
view E6 and E7 as subgroups of E8, where the Weyl group of E6 is given by the parabolic
subgroup WS6 in W , and the Weyl group of E7 is given by the parabolic subgroup WS7 in
W . Let Jk denote Sk \ {s2}. Let u˜k denote the maximal element of WJk , and let v˜k denote
the maximal element of W JkSk . Finally, we set wkl := v˜lu˜k.
Theorem 5.7. Let XwB be a smooth Schubert variety in G/B, where G is of type Ei, where
i ∈ {6, 7, 8}. Then w ∈ W is a maximal element of a parabolic subgroup, hence XwB is
L(w)-spherical, or XwB has a smooth Schubert divisor.
Proof. A smooth element w ∈ W is either a maximal element of a parabolic subgroup, or
it is an element of {wkl, w
−1
kl : 5 ≤ l < k ≤ 8}, see [28, Theorem 4.3]. If w is a maximal
element of a parabolic subgroup, then we are in the situation of Proposition 3.12, hence XwB
is a spherical L(w)-variety. So, without loss of generality, we assume that w ∈ {wkl, w
−1
kl :
5 ≤ l < k ≤ 8}.
First we assume that w = wkl = v˜lu˜k for some 5 ≤ l < k ≤ 8. Since v˜l is the maximal
element of W JlSl and u˜k is the maximal element of WSk , the support of wkl is contained in Jk.
Let GJk denote the reductive subgroup in G that corresponds to the sub-Dynkin diagram Jk.
By Lemma 5.5, XwklB is a smooth L(wkl)-variety in G/B if and only if XwklB′ is a smooth
Schubert variety in GJk/B
′, where B′ = B ∩ GJk . But GJk is a semisimple algebraic group
of type Dk−1, and by Theorem 5.3 we know that every smooth Schubert variety in type D is
either a homogeneous space, hence it is spherical, or it has a smooth Schubert divisor. Thus,
in this case our assertion is proved. For, w = w−1kl the arguments are similar, so the proof of
our theorem is finished.
Now Theorem 1.1 follows immediately from Theorem 5.3 and Theorem 5.7.
6 Spherical Schubert Varieties of Type A3
In this section of our paper, we will analyze the sphericality of Schubert varieties in the full
flag varieties of SL3 and SL4. First we have a general remark.
Remark 6.1. Let P be a parabolic subgroup in G. For every w from W P , the canonical
projection map pB,P |XwB : XwB → XwP is a birational morphism. In particular, since
pB,P |XwB is equivariant with respect to L(w), XwB is a spherical L(w)-variety if and only if
XwP is a spherical L(w)-variety.
Another general fact that we will use in the sequel without further mentioning is that the
Schubert varieties which have dimension ≤ 1 are homogeneous, hence, spherical varieties.
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6.1 The case of SL3.
Let G denote SL3, and let B denote the Borel subgroup of upper triangular matrices in
G. In this case, we have six Schubert varieties X123B, X213B, X132B, X231B , X312B, X312B.
For w ∈ {123, 213, 132, 321}, the Schubert variety XwB is L(w)-spherical. Indeed, X123B is a
point, X213B andX132B are B-stable rational curves, andX321B is the whole flag variety G/B.
For i ∈ {1, 2}, let Pi denote the minimal parabolic subgroup corresponding to si. Then, it
is easy to verify that X231P1 = G/P1 and X312P2 = G/P2. Since pB,P1 : G/B → G/P1 is
a G-equivariant projection, and since X231B is birationally isomorphic to X231P1 , X231B is
L(231)-spherical if and only if X231P1 is L(231)-spherical.
It follows from item 1 in Remark 2.4 that G acts spherically on G/PI × G/PJ for every
pair of subsets (I, J) from S with I 6= ∅. Since L(231) corresponds to the set of simple
reflections I = {s1}, G/P1 is a spherical L(231)-variety. Hence, X231P1 is a spherical L(231)-
variety. The proof of the fact that X312B is a spherical L(312B)-variety is similar, so, we
omit it. We summarize these observations as follows.
Theorem 6.2. Let G denote SL3, and let B denote the Borel subgroup of upper triangular
matrices in G. Then, every Schubert variety XwB in G/B is a spherical L(w)-variety.
6.2 The case of SL4.
Let G denote SL4, and let B denote the Borel subgroup of upper triangular matrices in G.
We will follow our notation from Example 3.11. Then the set of simple Coxeter generators is
given by S = {s1, s2, s3}. It follows from items 1 and 2 in Remark 2.4 that G acts spherically
on G/PI × G/PJ for every pair of subsets (I, J) from S with |I| + |J | ≥ 3. In particular,
if L is a Levi subgroup of G such that T ( L, then L acts spherically on G/PJ for every
J ⊆ S with |J | ≥ 2. Hence, if XwPJ is a Schubert variety in G/PJ , where |J | = 2, then it
is a spherical L(w)-variety, where L(w) is the Levi subgroup of StabG(XwPJ ). We are now
ready to prove that every Schubert variety in any partial variety of SL4 is spherical.
Theorem 6.3. Let XwP be a Schubert variety in G/P , where G = SL4 and P is a parabolic
subgroup of G. If L(w) is a Levi subgroup of StabG(XwP ), then XwP is a spherical L(w)-
variety.
Proof. The main idea of our proof which actually applies in the broader setup of spherical
varities is that if XwB (w ∈ W ) is a spherical L(w)-variety, then any Schubert subvariety
XvB ⊆ XwB which is also an L(w)-variety, is spherical as well. In this regard, we will prove
that the Schubert varieties corresponding to the top elements of the posets in Figure 6.1 are
spherical with respect to the Levi subgroups of their stabilizing parabolic subgroups.
Clearly, for the Schubert varieties X4321B ∼= G/B and X1234B ∼= pt there is nothing
to prove. For the Schubert varieties X4312B , X4231B , and X3421, the stabilizing parabolic
subgroups are given by P{s1,s2}, P{s1,s3}, and P{s2,s3}, respectively. The Levi subgroups L{s1,s2}
and L{s2,s3} act spherically on the whole flag variety G/B; this follows from the first item
in Remark 2.4. To show that X4231B is a spherical L(4231)-variety, we will argue by using
Kempf’s lemma 2.2.
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4321
α1,α2,α3
4312
α2,α3
4132
α2,α3
1432
α2,α3
4231
α1,α3
4213
α1,α3
2431
α1,α3
2413
α1,α3
2143
α1,α3
3421
α1,α2
3241
α1,α2
3214
α1,α2
1234
∅
2341
α1
2314
α1
2134
α1
3412
α2
3142
α2
1342
α2
3124
α2
1324
α2
1243
α3
1423
α3
4123
α3
Figure 6.1: Schubert varieties in SL4/B4 with the same stabilizing Levi subgroups.
Let w denote the permutation 4231, and let w0 denote the longest element in S4, that
is, w0 = 4321. Then w0s2 = w. Let P2 denote the minimal parabolic subgroup defined
by P2 = B ∪ Bs2B. By Lemma 2.2, it is easy to verify that the canonical projection
pB,P2 : G/B → G/P2 is a P
1-fibration, and the restriction pB,P2|XwB : XwB → Xw0P2 = G/P2
is a surjective birational morphism. Evidently, pB,P2 |XwB is an L(w)-equivariant morphism.
Therefore, XwB is a spherical L(w)-variety if and only if G/P2 is a spherical L(w)-variety.
Since L(w) corresponds to the set of simple roots I = {s1, s3}, and since P2 corresponds
to the set J = {s2}, by the first paragraph of this subsection, we know that G/P2 is a
spherical L(w)-variety. This finishes the proof of our assertion that X4231B is a spherical
L(4231)-variety.
Next, we will show that X4123B , X3412B, and X2341B are spherical varieties. To this end,
we list the sets of Grassmann permutations in W = S4.
1. If J1 := {s2, s3}, then W
J1 = {1234, 2134, 3124, 4123}.
2. If J2 := {s1, s3}, then W
J2 = {1234, 1324, 1423, 2314, 2413, 3412}.
3. If J3 := {s1, s2}, then W
J3 = {1234, 1243, 1342, 2341}.
By Remark 6.1 and our discussion in the first paragraph of this subsection, we know that
every Schubert variety of the form XwB, where w ∈ W
J1 ∪W J2 ∪W J3 is a spherical L(w)-
variety. In particular, X4123B , X3412B, and X2341B are spherical varieties.
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This finishes the proof of our theorem.
Some of the ideas that we used in the proof of Theorem 6.3 for SL4 can be used for SLn
(n ≥ 5) as well as for some other connected semisimple algebraic groups.
Proposition 6.4. Let G denote SLn and let B be the Borel subgroup of upper triangular
matrices. Then, for every n, the Schubert variety Xw0siB, where i ∈ {1, n−1}, is a spherical
L(w0si)-variety. If n ≥ 5, and i ∈ {2, . . . , n− 2}, then the Schubert variety Xw0siB is not a
spherical L(w0si)-variety.
Proof. Let Pi denote the minimal parabolic subgroup Pi := B ∪ BsiB. Let w denote w0si.
Clearly, w0si < w0. Thus, as before, by Kempf’s lemma, we know that the canonical
projection pB,Pi : G/B → G/Pi is a P
1-fibration, and the restriction pB,Pi|XwB : XwB →
Xw0Pi = G/Pi is an L(w)-equivariant surjective birational morphism. Therefore, XwB is a
spherical L(w)-variety if and only if G/Pi is a spherical L(w)-variety. It is easily seen from
Proposition 3.13 that L(w) is generated by the maximal torus T and the simple generators
sj, where j ∈ {1, . . . , n− 1} and j 6= i. In other words, if PI denotes the parabolic subgroup
P (w), then |Ic| = 1. If we assume that n ≥ 5, then PJ = Pi implies that |J | = 1, hence
that, |Jc| ≥ 3. Now it follows from Remark 2.4 that the only two cases, where L(w) can act
spherically on G/PJ are given by I
c = {s1} and I
c = {sn−1}.
Remark 6.5. The Lakshmibai-Sandhya criterion for smoothness states that a Schubert va-
riety XwB , where w = w1w2 . . . wn ∈ Sn , is smooth if and only if w avoids the patterns 4231
and 3412. Via this criterion we see that the smooth Schubert divisors from Proposition 6.4
are precisely the ones that are spherical. In light of this it might seem natural to expect that
smooth Schubert varieties are always spherical, especially since this is the case for smooth
Schubert varieties in the Grassmannian. However, the example below shows that smoothness
is not sufficient to gaurantee sphericity for Schubert varieties in the full flag variety.
Example 6.6. Consider the smooth Schubert variety X24687531B in GL8/B, where B is the
standard Borel subgroup of upper triangular matrices in GL8. The maximal Levi which acts
on X24687531B is L(24687531) ∼= GL2×GL2×GL2×GL2. The dimension of X24687531B is 16,
while the dimension of any Borel subgroup in L(24687531) is 12. Thus it is not possible for
a Borel subgroup in L(24687531) to have a dense orbit in X24687531B , and hence X24687531B
is not L(24687531)-spherical.
7 Spherical Schubert Varieties in B2
In this section we will show that every Schubert variety in the flag variety of type B2 is
spherical with respect to the corresponding stabilizing Levi subgroup. To this end, we let
G denote Spin5, and let B be a Borel subgroup in G. Let s1 denote the simple reflection
corresponding to the short root, and let s2 denote the simple reflection corresponding to the
long root. The minimal parabolic subgroups corresponding to si (i ∈ {1, 2}) will be denoted
by Pi.
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Theorem 7.1. Let G denote Spin5, and let B denote the Borel subgroup in G. Then, every
Schubert variety XwB in G/B is a spherical L(w)-variety.
Proof. The weak order diagram of the Weyl group W of (G,B) is depicted (by the solid
lines) in the middle figure of Figure 7.1.
G/B
id
s1 s1
s1s2 s2s1
s1s2s1 s2s1s2
s1s2s1s2
G/P1
id
s2
s1s2
s2s1s2
G/P2
id
s1
s2s1
s1s2s1
Figure 7.1: The right weak order on the Weyl group of B2 is indicated by the solid lines in
the middle figure.
Let w denote s1s2s1, hence, dimXwB = 3. By Lemma 2.2, it is easy to verify that the
canonical projection pB,P2 : G/B → G/P2 is a P
1-fibration, and the restriction pB,P2 |XwB :
XwB → Xw0P2 = G/P2 is a surjective birational morphism. Evidently, pB,P2 |XwB is an
L(w)-equivariant morphism. Therefore, XwB is a spherical L(w)-variety if and only if G/P2
is a spherical L(w)-variety. Since L(w) corresponds to the set of simple roots I = {s1},
and since P2 corresponds to the set J = {s2}, by Remark 2.4, we know that G/P2 is a
spherical L(w)-variety. This argument shows that XwB is a spherical L(w)-variety. Notice
that L(w) = L(s1) = L(v) for every v ≤R w with v 6= id. Therefore, every Schubert variety
XvB with v 6= id such that XvB ⊆ XwB is a spherical L(v)-variety.
Now let w denote s2s1s2. By arguing exactly as in the case of s1s2s1, we see that
XwB is a spherical L(s2)-variety, hence the same statement holds true for every XvB with
1 ≤R v ≤R w. This finishes the proof of our assertion.
Remark 7.2. The only nonsmooth spherical variety in G/B, where G = Spin5, is Xs2s1s2B.
8 Toric and Spherical Schubert Varieties in G2
In this section we will show that half of the Schubert varieties in the flag variety of G2 are
spherical with respect to appropriate reductive subgroups. The following general criterion
for sphericality will be useful.
Theorem 8.1. Let XwB be a Schubert variety, and let XzB be a Schubert divisor in XwB
such that
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1. w = zsα, where the simple reflection sα is a generator for L(w), and
2. XzB is a spherical L-variety, where L is a reductive subgroup of L(w) such that
SLα L = L SLα,
where α is as in part 1.
Then XwB is a spherical L(w)-variety.
Proof. Let us denote by Bα a Borel subgroup of SLα, which is a subgroup of L(w). Let
Q denote the minimal parabolic subgroup in G corresponding to the simple root α. By
Kempf’s lemma 2.2, XwB is a P
1-bundle over pB,Q(XwB) = XwQ, and the image of XzB is
birational onto XwQ. To ease our notation, let us denote the canonical projection pB,Q|XwB :
XwB → XwQ by p, and let x0 denote the image of idB in p(XwB) ⊂ G/Q. Then we have
p−1(x0) = Q/B ∼= P
1 as a Schubert subvariety of XwB. On one hand, p
−1(x0) is a spherical
SLα-variety, so, we may assume that Bα has an open orbit in p
−1(x0). On the other hand,
since XwQ is a spherical L-variety, there exists a Borel subgroup BL of L such that BL ·x0 is
open in XwQ. Let us denote this BL orbit by V . By our assumption, the root subgroups U±α
are not contained in L. Therefore, we can choose a Borel subgroup of L(w) which contains
both of Bα and BL. Note that p
−1(V ) is L stable.
Now, since XwB is a P
1-bundle over XwQ, there exists an open neighborhood V
′ of
x0 = idQ in XwQ such that p
−1(V ′) ∼= V ′×Q/B. In particular, we have the isomorphism of
quasiprojective varieties p−1(V ′ ∩ V ) and V ∩ V ′ ×Q/B. The latter variety is a subvariety
of V × Q/B, on which BL × Bα acts with an open orbit. Since L and Bα commute, the
multiplication map
V ×Q/B −→ XwB
is a BL ×Bα equivariant, birational morphism. But this implies that the Borel subgroup of
L(w) has an open orbit in XwB. This finishes the proof of our assertion.
Before we continue with the Schubert varieties for G2, we will mention another general
result that is due to Karuppuchamy.
Lemma 8.2 (Theorem 2 [15]). Assume that G is an almost simple, simply connected
complex linear algebraic group. If w ∈ W is a product of distinct simple reflections, then
XwB is a toric variety for a quotient of the maximal torus T of B.
Since every normal toric variety is a spherical variety, as a consequence of Lemma 8.2,
we see that if w is a product of distinct simple reflections, then XwB is a spherical T
′-variety,
where T ′ is a quotient of the maximal torus T . It follows thatXwB is a spherical L(w)-variety.
Let G denote a complex simple algebraic group of type G2. Let S = {s1, s2} denote
the set of simple reflections, where s2 corresponds to the long root and s1 corresponds to
the short root. Associated with these two elements, we have two maximal (and minimal)
parabolic subgroups P1 and P2 in G. Then B = P1 ∩P2. By [3, Theorem 2.4], we know that
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there are only seven smooth Schubert varieties in G/B; they are indexed by the elements of
the set
{id, s1, s2, s1s2, s2s1, s2s1s2, s1s2s1s2s1s2}.
The right and the left weak orders on the Weyl group of G2 is depicted in Figure 8.1.
id
s1 s2
s1s2 s2s1
s1s2s1 s2s1s2
s1s2s1s2 s2s1s2s1
s1s2s1s2s1 s2s1s2s1s2
s2s1s2s1s2s1 = s1s2s1s2s1s2
Figure 8.1: The right weak order is indicated by the solid lines, and the left weak order is
indicated by the dashed lines.
The right weak order (resp. the left weak order) has exactly two maximal chains, and
along each maximal chain the stabilizer subgroups are constant. More precisely, if w and v
are two elements from W such that
1. v ⋖R w,
2. w 6= w0 and v 6= id,
then, by Proposition 3.13, L(w) = L(v). The Levi subgroup L(s1) (resp. L(s2)) is the
stabilizing Levi for the Schubert varieties on the left (resp. the right) maximal chain.
Theorem 8.3. Let XwB be a Schubert variety in G/B, where G is of type G2 Then, XwB is
a spherical L(w)-variety if and only if w ∈ {id, s1, s2, s1s2, s2s1, s1s2s1, s2s1s2, s2s1s2s2s1s2}.
Proof. By Lemma 8.2, if w ∈ {id, s1, s2, s1s2, s2s1}, then XwB is toric, and hence a spherical
T -variety. Clearly, Xw0B
∼= G/B is a spherical L(w0)-variety also. Now will discuss the
question of sphericality for the varieties XwB with w /∈ {id, s1, s2, s1s2, s2s1, w0}.
We notice that both of the Levi subgroups L(s1) and L(s2) are isomorphic toGL2, hence,
their Borel subgroups are 3 dimensional. It follows that, if w is an element of the set
{s1s2s1s2, s2s1s2s1, s1s2s1s2s1, s2s1s2s1s2, s1s2s1s2s1s2},
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then dimXwB ≥ 4, hence, XwB is not a spherical L(si)-variety (i ∈ {1, 2}). Thus, to
finish our proof, we must show that XwB is a spherical L(w)-variety for the elements of
{s1s2s1, s2s1s2}. For w = s1s2s1, we see from Figure 8.1 that Xs1s2s1B has Xs1s2B as a
divisor, and s1s2 ≤R s1s2s1. Further, as noted above, Xs1s2B is a spherical T -variety, and
T commutes with SLα1 . Therefore, by Theorem 8.1, Xs1s2s1B is a spherical L(s1)-variety.
Similarly, we see that Xs2s1s2B is a spherical L(s2)-variety. This finishes the proof of our
theorem.
The following statement is a straightforward consequence of Theorem 8.3.
Corollary 8.4. If XwB is a smooth Schubert variety in G/B, where G = G2, then XwB is
a spherical L(w)-variety.
In conclusion, we see that every smooth Schubert variety in a (partial) flag variety of a
simple algebraic group of rank 2 is spherical.
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